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ABSTRACT

Remote state preparation (RSP) is a technique to transmit
quantum states with classical communication and previously
shared entanglement. In this paper, we consider RSP in a mul-
tiparty setting. A simple yet nontrivial case is studied, where
there is one sender and two receivers. We put forth a broad-
casting method for developing multiparty RSP protocols. We
show that this method can remotely prepare arbitrary states
by consuming classical and quantum resources. For prepar-
ing highly entangled states, the proposed method achieves the
lower bound for the amount of consumed resources asymptot-
ically.

Index Terms— Entanglement, Haar measure, quantum
communication, remote state preparation, teleportation

1. INTRODUCTION

Transmission of quantum states with classical communication
and previously shared entanglement among senders and re-
ceivers is a major topic in quantum information science. The
results in this topic reveal the fundamental tradeoff between
different types of resources such as quantum bits (qubits), bits
of entanglement (ebits), and classical bits (cbits). In the cel-
ebrated teleportation technique [1], a qubit can be transmit-
ted faithfully (i.e., exactly and deterministically) by using 2
cbits and 1 ebit with no knowledge of the qubit to be sent.
Another important type of protocols is remote state prepara-
tion (RSP) [2-7]. Compared with teleportation, the sender is
allowed to have the knowledge of the qubit to be sent. Such
additional information makes it possible to transmit quantum
states with fewer resources. For example, the protocol de-
veloped in [7] consumes 1 cbit and 1 ebit asymptotically per
qubit.

In practical applications, it is common to encounter sce-
narios where there are multiple senders or receivers. There-
fore, it is natural to ask how one can generalize the results of
two-party RSP to multiple parties. In contrast to the fruitful
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results in the two-party scenario, little is known about multi-
party RSP protocols that can transmit generic pure quantum
states with a high success probability and a high fidelity [8,9].

If the pure quantum state to be transmit is separable among
receivers, then one can directly generalize the point-to-point
RSP to multiparty RSP. However, the task of multiparty RSP
is challenging if the state is entangled among receivers. The
major difficulty lies in the constraint that the operations for
nodes in different locations have to be separable [10]. More-
over, a meaningful multiparty RSP protocol needs to be more
resource-efficient than teleportation as more knowledge about
the state to be transmitted is available to the sender, adding
another layer of difficulty. The fundamental questions related
to multiparty RSP are

e how to overcome the constraint of separable operations
for nodes in different locations and

e how to exploit the knowledge of the quantum state to
design more efficient protocols than teleportation?

The answers to these questions enable the design of efficient
multiparty RSP protocols.

The goal of this paper is to develop multiparty RSP pro-
tocols for generic quantum states with high success probabil-
ity and high fidelity. A simple yet nontrivial case is studied,
where there is one sender and two receivers. We put forth
a broadcasting method for developing multiparty RSP pro-
tocols. This method uses the invariant property of the Haar
measure. To analyze the amount of resources used in the de-
veloped protocol, a key step is to determine the convergence
rate of a sequence of random matrices. We observe the con-
nection between the Haar measure and symmetric groups and
show that using the results in symmetric groups can provide a
tight upper bound for the aforementioned convergence rate.

This paper is among the first attempts to design and ana-
lyze multiparty RSP protocols for transmiting generic quan-
tum states. The key contributions of this paper are three folds.
First, we develop a framework for the remote preparation of
three-party states and introduce a new type of resources, broad-
cast cbits, for evaluating multiparty RSP protocols. Second,
we put forth a broadcasting method for developing multiparty
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RSP protocols. Third, we characterize the used resources
in terms of broadcast cbits and ebits for preparing arbitrary
states and highly entangled states. We also show that for
preparing highly entangled states, the proposed method achieves
the lower bound for the number of consumed broadcast cbits
and ebits, asymptotically.

Notation: Random variables are displayed in sans serif,
upright fonts; their realizations in serif, italic fonts. Vectors
and matrices are denoted by bold lowercase and uppercase let-
ters, respectively. The m-by-m identity matrix is denoted by
I,,,: the subscript is removed when the dimension of the ma-
trix is clear from the context. T denotes the Hermitian adjoint,
T denotes the transpose, and * denotes the complex conjugate
with basis |0) and |1). exp and log are to basis 2.

2. PREMILINARIES

This section introduces the system model and different no-
tions that characterize the multiparty RSP protocols.

2.1. Multiparty RSP Protocols and Several Notions

Following the description of two-party RSP protocol [7], the
multiparty RSP protocol discussed in this paper involves one
sender 7" and two receivers R; and R,: the sender is given a
description of a pure state |¢)) from a subset X’ of the state
set S(HRr, ® Hg,), where Hp, denotes the Hilbert space
corresponding to the quantum systems at R;, ¢ = 1,2. In
this paper, we assume dimHp, = dimHgr, = D, which
is the asymptotic parameter (one should assume it is large).
The protocol describes how to use quantum and classical re-
sources to result in a state p at R; and Ry. As mentioned
above, the two receivers are not co-located and their opera-
tions need to be separable. An illustration of the multiparty
RSP is shown in Fig. 1. Following the nomenclature in [7],
a protocol is probabilistic exact with error € if the protocol is
successful with probability at least 1 — e and when the proto-
col is successful, p = |¢) (]!

2.2. Highly Entangled States

An RSP protocol is universal if the subset X = S(Hp, ®
Hg,), i.e., the protocol can remotely prepare an arbitrary
state from S(Hp, ® Hg,). We also consider protocols that
can remotely prepare highly entangled states:

Definition 1 (highly entangled states). Given a constant C',
a pure state |¢) in S(Hg, ® Hg,) is highly entangled if the
maximum Schmidt coefficient is no greater than /C4/D,
ie, a; < \/Cy/D fori = 1,2,...,D, where «; are the
Schmidt coefficients of in the following Schmidt decomposi-
. D

tion |[¢) = >0, @i |ui) g, @ |vi) g, -

'The indicator of “success” is required to be accessible to both the sender
and receivers.

entanglement
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Fig. 1: Illustration of a three-party RSP: the sender performs
aPOVM Ny, k = 1,2,... and broadcasts the measurement
outcome k to receivers Ry and Ro.

Note that ' is irrelevant to the dimension of Hp, and
Hr,. We can find a fixed C; such that almost all the pure
states are highly entangled states if D — oo. In fact, consider
the set ICe := {|¢) € S(Hr, ® Hr,) : s(|¢)) < /C1/D}
in which s(|¢)) denotes the maximum Schmidt coefficient of
|¢) decomposing on Hp, @ Hp,. One can show that there
exist constants Cy, C's > 0 such that for any D, v(K.) >
1 — Cyexp{—C5D}}, where v(-) is the uniform measure of
unit vectors in Hr, ® Hrg,.

2.3. Resources for Quantum State Transmission

The sender and receivers have access to various resources
in the RSP protocols. In this paper, the resources of entan-
glement and forward classical communication will be con-
sidered. We consider the following entanglement shared be-
tween the sender 7" and the receivers R and Rs:

D2
1 . .
|®p2) = D Z 7)r ‘.7>R1R2
j=1

where |j) are orthogonal states, and the subscript 1 and g,
denote the corresponding quantum systems.

Note that in a multi-party system, a sender can either adopts
“point-to-point communication” (sequentially sending clas-
sical information to each receiver) or “broadcasting” (send-
ing identical information to all of the receivers simultane-
ously). In the setting of broadcasting, a new type of resources,
namely, broadcast classical bits, is needed to evaluate the amount
of communication resources. Specifically, we refer to a broad-
cast cbit as the sender’s ability to send 1 cbit of identical in-
formation to all the receivers.

3. BROADCASTING METHOD

In this section, we present a broadcast-based RSP protocol
and characterize the resources used by this protocol.
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3.1. RSP of Arbitrary Pure States

We consider the system model described in Section 2.1, i.e.,
the sender 7" would like to remotely prepare an arbitrary state
|4} at two different receivers using the shared entanglement
|®pz). The broadcast method relies on the following obser-

vation: for any p = [¢) (|,
/UR1 @ Ug, p* Uh, @ UL du(Ug, )du(Ur,) = D2
(1
where 1(Ug, ) and u(Ug,) are two independent Haar mea-
sures. The equation (1) implies that for sufficiently large

K, we can find two sets of unitary matrices {U; 4} | and
{U;, k}Kﬂ such that for any € > 0,

ZU1k®U2kP U, ®Uj, € [1D2 I, 1;261]

The equation above leads to the protocol below.
Protocol I:

1) The sender T' performs the POVM (INy) on its part of
the entangled state |® 2 ) and sends the outcome to two
receivers by consuming broadcast cbits.

2) If the message received is k, receiver Ry applies the
unitary U7, and receiver Ro applies the unitary U;
to their parts of the state | p2).

In the protocol above, the POVM Ny, is
D2

Ny = mUl,k ®@ Uz i, p* UlTk ® UQT’ka
k=1,2,--- | K
K
Nfailure =1I— ZNk
k=1
and U;;, (¢ = 1,2, k = 1,2,--- , K) are unitary matrices

on Hp,. To make Protocol I valid, we need to show that
there exist unitary matrices Uy and U, k = 1,2,.. ., K,
such that Npue = 0 for every state p = |p) (¢ € X C
S(Hr, ® Hr,). Moreover, note that the measurement out-
come sent by T' is from an alphabet with cardinality K, mean-
ing that the protocol consumes log K broadcast cbits. There-
fore, a small K is desirable.

Theorem 1. For ¥ = S(Hp, ® Hr,) and € € (0, 1), there
exist

2 4
K < {(1+4D210g 20D ).8(ln2)(D—|—1)e -‘
€

2

TE
pairs of unitary matrices Uy i, Us i, K = 1,2,..., K, such
that for every pure state p, = |¢) (p| € X,
K
1 l—€e_1+c¢€
« 7t T
E Z Ul,k; ® UQ’]@ p‘P Ul,k ® UQ’kE {ﬁ[, ﬁ]’}
k=1
2

Theorem 1 shows that Protocol I can remotely prepare an
arbitrary state in Hr, ® Hpr, by consuming 3 broadcast cbits
and 2 ebits per pairs of qubits, asymptotically. Comparatively,
teleportation consumes 4 cbits ( 2 to Ry and 2 to R2) and 2
ebits per pairs of qubits.

Proof. The condition (2) is equivalent to the condition that
for all pure states |p) and |@),

1
‘K Ztr (U1k®Uz wPRUL L @ US L 19) <s@\) D2

< €

= D2’
To achieve so, select matrices U, ; and Us j, independently
from the Haar measure. We need to evaluate the Cramér func-
tion A(z) = sup,crlyz — InE.{e?*}] corresponding to

x=tr(Ur @ Uapi U] @ UL 13) (7)) 3)

where U; and U, are D x D independent random matrices
and both of them are distributed according to Haar measure.
Fore € (0,1),

K
1 . o
Pl o0 (U o UaspLUL U, 15 51)

k=1
- 7| sz}
<ew{ - g int A brew{ -5 it A
2
<Qexp{—2h127r(;li1)e4} *)

where the first inequality is because of Cramér’s theorem [11],
and the second inequality is because of Lemma 2 shown later.

We consider a ;75z-net M for the Hilbert space Hr, ®
Hr, according to Lemma 1 shown later. Replacing ¢ with
€/2 in the inequality (4), together with the union bound, gives

P{316).17

K
1
% Ztr(ul,k ® Uz ko,
k=1
1 €
D2 2D2

<9 20D? 4p? o Kne?
X _— Y (-
= ; P 8m2)(D + 1)et

With the triangle inequality for the trace norm, we get

Ui, @ Ul %) (@) -

P{a 0}, 13) € Hr, © Ha,

K
1 *
K > twr(Ur g @ Usip),
k=1
€
"D

<9 20D? ap? Kne?
X e e e——————D N
= ¢ P T 8(n2)(D + 1)et

- 1
UJ{,k ® U;k |9) (#]) — D2
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Hence, if K is as large as stated in the theorem, there exist
unitary matrices Uy ;, and Us j, such that (2) is true. O

Lemma 1. [7] Let H be a Hilbert space of dimension S.

Then there exists, for every 6 > 0, a set M of pure state

. o 25
vectors in H of cardinality M| < (2)™ such that for every
state vector |¢) € H, there exists a state vector |@) € M such
that || — @||1 < . Such a set M is referred to as d-net.

Lemma 2. The Cramér function corresponding to x defined
in (3) can be lower bounded by

w62 w62

1e4D2(s(|))) " 4e1D2(5(12))) "

A(1+9) > max{

52
2(D + 1)et
for§ € (—1,1).

Using the concept of net to show the existence of desired
unitary operators follows from [7]. The key novelty in our
work is Lemma 2. Due to space constraints, the detailed proof
of Lemma 2 is omitted, but a key intermediate result used to
prove Lemma 2 is presented below.

Lemma 3. Suppose M € CP*P is a deterministic matrix
and U € CP*P is distributed according to Haar measure,
then for an arbitrary k € Z*,

E{| tr(UM)**} < k'(\f?) _kD_k(tr{MMT})k.

The proof of Lemma 3 is based on the connection between
the Haar measure and symmetric groups and the results in
symmetric groups (e.g., Young tableau and Hook’s formula)
[12].

3.2. RSP of Highly Entangled States

Protocol I can remotely prepare any state in K. with fewer
resources (i.e., smaller K'), shown in the following theorem.

Theorem 2. For X’ = /. and € € (0, 1), there exist

2002\ 4(In 2)C2e
K< {<1+4D210g 0 ) (In )Clﬂ
€

me2

pairs of unitary matrices Uy , Uz i, k = 1,2,..., K, such
that for every pure state p, = |¢) (¢| € X, the condition (2)
holds.

Proof. We can follow the proof of Theorem 1 until (4). We
next obtain a tighter bound for the convergence than (4)

K
1 . o
P e 2ot (U UL UL U, 12 61)
k=1

1 ‘ N Kre?
B o d _ BT
D2l = D2 =P T qm2)eic?

where the inequality is because of Lemma 2 and the fact that
s(l¢)) < /C1/D. Then similarly to the proof of Theorem
1, one can verify that

K
_ 1 .
P{3160.17) € K | D uUs © s
k=1
Ul @ Ul 13) (@) — —| > <
15 ® 2,k|%0> <<P|)—ﬁ >ﬁ

<9 20D? 4p? o B Kme?
- € *P 4(In2)etC?

Hence, if K is as large as stated in the theorem, there exist
unitary matrices U j, and Uy i such that (2) is true. O

Theorem 2 shows that Protocol I can remotely prepare an
arbitrary state in /o by consuming 2 broadcast cbits and 2
ebits per pairs of qubits, asymptotically. The resources re-
quired are fewer compared with preparing an arbitrary pure
state in H g, ® HRr,. Moreover, we can show that the required
resources are also necessary in the next proposition.

Proposition 1. Any multiparty remote state preparation pro-
tocol that is exact probabilistic with error € for states in K,
requires the sender to transmit

log K > 2log D + log (1 —¢€)

cbits. Moreover, if the protocol uses an entanglement state of
Schmidt rank less or equal than ¢D? with ¢ < 1 — e, then it
requires classical communication of at least (D) cbits.

Proof. (Sketch) We can find a set consisting of D? orthogonal
maximumly entangled states [1]. The capability to remotely
prepare an orthogonal basis exactly with probability at least
1 — e permits the sender to transmit one out of D? classical
messages with probability at least 1 — € of correct decoding.
Causality implies that the number of cbits required by the pro-
tocol is at least 2log D+log (1 — €). The second part of proof
can be proved similarly to Theorem 8 in [7]. O

4. CONCLUSION

We developed an RSP protocol in a three-party scenario, where
there is one sender and two receivers. We showed that this
protocol can remotely prepare arbitrary states and highly en-
tangled states by consuming 3 broadcast cbits and 2 broad-
cast cbits, respectively, in addition to 2 ebits, per pairs of
qubits sent, asymptotically. For preparing highly entangled
states, the proposed method achieves the lower bound of re-
sources asymptotically. The study for this simple but non-
trivial setting reveals some phenomena not observed in point-
to-point RSP, e.g., the additional classical resource consump-
tion brought by the different locations of receivers compared
to the result in [7]. Our results can be extended to the scenario
where the quantum systems at two receivers have different di-
mensions.
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